Abstract. Using Moriwaki's calculation of the Q-Picard group for the moduli space of curves, I prove the strong Franchetta Conjecture in all characteristics. That is, the canonical class generates the group of rational points on the Picard scheme for the generic curve of genus g ≥ 3. Similar results hold for generic pointed curves.
Introduction
Let M g be the coarse moduli space of smooth curves of genus g ≥ 3 over an arbitrary ground field k. Deligne and Mumford [5] showed that M g is an irreducible quasiprojective scheme. Let η ∈ M g be the generic point and C = M g,1 → M g the tautological curve. The generic fiber C η is a smooth curve of genus g over the function field κ(η) of the moduli space M g . We call it the generic curve.
Franchetta [7] conjectured Pic(C η ) = ZK Cη . Arbarello and Cornalba [1] proved it over the complex numbers using Harer's calculation [15] of the second homology for the mapping class group of Riemann surfaces. The latter is a purely topological result. Later, Arbarello and Cornalba [2] gave an algebro-geometric proof over the complex numbers. Mestrano [22] and Kouvidakis [20] deduced the strong Franchetta Conjecture over C, which states that the rational points in the Picard scheme Pic Cη/η are precisely the multiples of the canonical class.
The goal of this paper is to give a direct algebraic proof for the strong Franchetta conjecture in all characteristics p ≥ 0. The idea is to construct a special stable curve over the rational function field to show that the torsion part of Pic 0 Cη (η) is trivial. Having this, we use Moriwaki's calculation [23] of Pic(M g,n ) ⊗ Q in characteristic p > 0 to infer the strong Franchetta Conjecture. I also prove the Franchetta Conjecture for generic pointed curves: Their Picard groups are freely generated by the canonical class and the marked points. Actually, we use the pointed case as an essential step in the proof for the unpointed case.
Note that Moriwaki's result is purely algebraic and depends on the existence of smooth finite covers of M g,n , which are due to Looijenga [21] and Pikaart and de Jong [25] .
Here is a plan for the paper. The first section contains some general facts on curves, Picard schemes, and moduli spaces. In Section 2 we prove that the MordellWeil group of the generic jacobian is torsion free. Section 3 contains the proof for the strong Franchetta Conjecture. As an application we deduce that the generic curve in characteristic p = 2 does not admit a tamely ramified morphism to the 1991 Mathematics Subject Classification. 14G05, 14H10, 14H40, 14K15.
projective line. In Section 4 we construct an explicit stable curve of genus g over the rational function field so that the torsor Pic 1 Cη/η has order 2g − 2 in the WeilChâtelet group.
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Preliminaries
Let us collect some well-known facts on algebraic curves and their Picard schemes. Throughout this paper we fix an arbitrary ground field k of characteristic p ≥ 0. We will, however, also deal with algebraic schemes over extension fields k ⊂ F . A curve over F is a proper 1-dimensional F -scheme X with F = H 0 (X, O X ). Each curve comes along with its Picard scheme Pic X/F , which is a smooth group scheme of finite type. We denote by Pic(X/F ) = Pic X/F (F ) its group of rational points. If X contains a rational point, this is nothing but the Picard group of X. In general we have an exact sequence
where Br(F ) is the Brauer group ( [13] , Corollary 5.3). Tsen's Theorem implies the following (compare [13] , Theorem 1.1): Lemma 1.1. Suppose that k is algebraically closed and that F is the function field of a smooth algebraic curve over k. Then Pic(X) = Pic(X/F ).
Note that we do not loose rational points by passing to field extensions:
′ be a field extension, and
Proof. We have Pic X ′ /F ′ = Pic X/F ⊗F ′ , hence the fiber over the rational point 0 ∈ Pic X/F is nothing but the rational point 0 ∈ Pic X ′ /F ′ . Now suppose for simplicity that X is geometrically irreducible. For each integer d, let Pic X/F , at least if X is smooth. Given an integer g ≥ 3, let M g be the coarse moduli space of smooth curves of genus g over k. This is a geometrically irreducible quasiprojective k-scheme of dimension 3g − 3 by results of Deligne and Mumford [5] . If k is algebraically closed, its closed points correspond to isomorphism classes of smooth curves over k. In any case, the coarse moduli space C = M g,1 of pointed smooth curves defines a tautological family of curves C → M g .
We call C η the generic curve of genus g, where η ∈ M g is the generic point. This is justified as follows: LetF be an algebraic closure of the function field F = κ(η), andX a smooth curve of genus g overF corresponding to the geometric point Spec(K) → M g . Then C η ⊗ FF ≃X/ Aut(X). However, the generic curve of genus g ≥ 3 has trivial automorphism group (see [26] for an algebraic proof). So the generic curve C η is indeed a smooth curve of genus g over the function field F = k(η). In contrast, the generic curve in genus two is the the projective line.
As often, it will be important to consider stable pointed curves as well. They form a coarse moduli space M g,n , which is irreducible and projective. Here g is the (arithmetic) genus, and n is the number of marked points x i ∈ X. We also have a tautological family π : M g,n+1 → M g,n sending an (n + 1)-pointed stable curve (X, x 1 , . . . , x n+1 ) to the n-pointed stable curve (X ′ , x ′ 1 , . . . , x ′ n ) obtained by forgetting the last marked point and contracting the possibly occurring rational component in (X, x 1 , . . . , x n ) violating stability. Note that
, at least if the latter has no automorphism.
Let η n ∈ M g,n be the generic point and C = M g,n+1 the tautological family of curves. The generic fiber C ηn is a smooth curve of genus g, which is endowed with marked rational points c 1 , . . . , c n ∈ C ηn . We call C ηn the generic n-pointed curve of genus g.
Torsion points
Fix an integer n ≥ 0 and a genus g ≥ 3. Let C ηn be the generic curve of genus g with marked points c 1 , . . . , c n ∈ C ηn . Let P 0 ⊂ Zc 1 ⊕ . . . ⊕ Zc n ⊕ ZK Cη n be the subgroup of degree zero divisors. This is a free abelian group of rank n. In particular, P 0 = 0 if n = 0. The following is the key step in proving the Franchetta conjecture:
The proof requires some preparation. First note that by Lemma 1.2, we may replace the ground field k by any extension field. For the rest of the section, we assume that k is algebraically closed, and let F = k(T ) be the rational function field in one indeterminate.
Recall that, in characteristic p > 0, an abelian variety A over F has a p-rank f defined by Hom(µ p , A ⊗ F ) = (Z/pZ) f . The abelian variety is called ordinary if its p-rank equals dim(A). In characteristic zero, abelian varieties are ordinary by default.
Proposition 2.2.
There is an ordinary elliptic curve E over the rational function field F satisfying Pic 0 (E) = 0.
Proof. The idea is to use special Halphen pencils. Fix an ordinary elliptic curve E 0 over k. This is possible because there are only finitely many supersingular elliptic curves ( [16] , Chapter IV, Corollary 4.23). Choose a closed point x ∈ E 0 and consider the closed embedding
shows that there is a unique curve E ∞ ⊂ P 2 of degree three with E 0 ∩ E ∞ = 9x. Hence E ∞ = 3H, where H ⊂ P 2 k is the hyperplane with H ∩ E 0 = 3x. Consider the pencil E t , t ∈ P 1 k generated by E 0 and E ∞ . Let g : Y → P 
k the induced fibration and set p = f (y). The schematic fiber f ′ −1 (p) ⊂ Y ′ contains the strict transform of H ⊂ P 2 with multiplicity three. By Kodaira's classification of singular elliptic fibers ( [19] , Theorem 6.2), the fiber f ′ −1 (p) is of type 3 I 9 , that is, a cycle of nine rational (−2)-curves where each component occurs with multiplicity three.
Let g ′ : Y ′ → P 2 be the composite morphism, which is a sequence of nine blowing-ups of infinitely near closed points. The group Pic(Y ′ ) is generated by the nine exceptional curves and the preimage of O P 2 (1). To calculate the letter we use the hyperplane H ⊂ P 2 with H ∩ E 0 = 3x. Since 3H ∩ E 0 = 9x, the strict transforms of H and E 0 on Y are disjoint. Hence the restriction of f ′ * (H) to E is a multiple of R ′ . Using surjectivity of the restriction map Pic(
0 (E) = 0. Being isomorphic to its own jacobian, the elliptic curve E then contains a nonzero rational point. It corresponds to a nontrivial invertible O Y -module of degree zero, contradicting Pic(Y ′ ⊗ F ) = ZR ′ . To see that the elliptic curve E is ordinary, look at the relative jacobian of Y over P 1 − {∞}. The closed fiber E 0 is ordinary. Since this is an open condition, the generic fiber E is ordinary as well.
We call a stable curve X over F of compact type if Pic 0 X/F is an abelian variety. Proposition 2.3. There is an n-pointed stable curve X of compact type of genus g over the rational function field F whose jacobian is ordinary with Pic 0 (X) = 0.
Proof. Let E 1 , . . . , E g be copies of the elliptic curve E from Proposition 2.2, and choose rational points p 1 , . . . ,
F be the curve obtained by identifying the rational point p i ∈ P 1 F with the origin 0 ∈ E i for i = 1, . . . , g. This curve is stable because g ≥ 3.
The normalizationX → X is the disjoint union of g copies of E and a projective line. The canonical map Pic
is an isomorphism, and we have
Hence X is of genus g and of compact type. Its jacobian is ordinary with Pic 0 (X) = 0. To obtain the marked points, choose rational points x 1 , . . . , x n ∈ X contained in the rational component P 1 F but not in the elliptic components E i .
The following two properties of the curve X constructed above will be useful in the sequel:
′ is a purely transcendental field extension, and set
So we may obtain X ′ by repeating the construction of the elliptic curve E and the stable curve X over the ground field k ′ = k(T α ) α∈I , and infer Pic 0 (X ′ ) = 0.
Lemma 2.5. Let D ∈ Div(X) be a divisor of degree zero whose support is disjoint from the elliptic components
Proof. LetX → X be the normalization. Then Pic(X) → Pic(X) is injective, because X has compact type, and the result follows.
Proof of Proposition 2.1: Suppose we have a nonzero l ∈ Pic 0 (C ηn /η n ) with ml ∈ P 0 for some m ≥ 1. Write ml = aK Cη n + n i=1 b i c i with certain integral coefficients. We now specialize the situation as follows.
Let
be the stable curve of genus g over the rational function field F = k(T ) from Proposition 2.3, such that Pic 0 (X/F ) = 0. Pick n rational points x i ∈ X contained in the rational component P Blowing up the closed point in Spec(A) and localizing at the generic point of the exceptional divisor, we obtain a discrete valuation ring B dominating A. Its field of fractions B ⊂ Q is also the field of fractions for A. The residue field B 0 = B/m B is a purely transcendental field extension of F . Let Z → Spec(B) be the induced family of stable curves. The total space Z is a regular 2-dimensional scheme. Its closed fiber Z 0 comprises a rational component and g elliptic components, which we also call E i .
Consider the relative generalized jacobian J = Pic 0 Z/B . This is a separated group scheme of finite type over B by [6] . We now assume that the characteristic p > 0 is positive, the case p = 0 being similar. Decompose m = lq, where l is prime to p, and q is a power of p. By construction, the geometric closed fiber of J[m] is isomorphic to (Z/lZ) 2g ⊕ (Z/qZ) g ⊕ µ g q , where µ q is the local group scheme of q-th roots of unity (here we use that J 0 is ordinary). The same holds for all geometric fibers, because the number of geometric connected components is lower semicontinous over regular schemes ([10] , Proposition 18.5.19). By [11] , Proposition 15.5.1, each of the l 2g q g geometric points in the closed fiber extend to disjoint sections over the strict henselization B ⊂ B sh , which defines l The classifying morphism Spec(B) → M g,n is dominant, so we have an affine projection Y Q → C ηn inducing an injection Pic(C ηn ) ⊂ Pic(Y Q ). Our given point l ∈ Pic 0 (C ηn /η n ) induces an element in Pic 0 (Z Q /Q), which we denote by the same letter. This l ∈ J(Q) extends to a section l ∈ J(B) by taking closures. We calculate the multiple ml as follows. The marked points x i ∈ X define sections Z i ∈ Z(B). According to [28] , Corollary 2.3, there is a birational morphism Z → Z ′ contracting precisely the elliptic components E i ⊂ Z 0 . Note that Z ′ is indeed a scheme, not just an algebraic space. Indeed, the singularities of Z ′ are Gorenstein and K Z ′ /B is ample. It follows that we may extend K ZQ as a relative divisor D ∈ Div(Z/B) with support disjoint from the elliptic components E i . As a consequence, the closed fiber of the relative Cartier divisor aD + b i Z i has degree zero on every irreducible component, hence this sum represents ml ∈ J(B). Note that O Z0 (aD + b i Z i ) is trivial by Lemma 2.5, hence (ml) 0 = 0. Now consider the J[m]-torsor T defined by the cartesian diagram
By construction we have T 0 = J[m] 0 , so l ∈ T (Q) specializes to an m-torsion point. We saw above that the specialization map
is injective as well. By the very choice of X, the abelian variety J 0 contains no rational points but zero. In other words, (ml) 0 = l 0 , hence ml = l, and l ∈ P 0 .
The strong Franchetta Conjecture
We come to the main result of this paper:
Theorem 3.1. Let k be a field, and g ≥ 3 and n ≥ 0 be integers. Let η n ∈ M g,n the generic point in the moduli space of n-pointed stable curves of genus g ≥ 3, and C = M g,n+1 the tautological curve. Then the marked points c 1 , . . . , c n ∈ C ηn and the canonical class K Cη n freely generate Pic(C ηn /η n ).
Before we prove this, let us recall the definition of certain tautological classes in Pic(M g,n )⊗Q. Let π : M g,n+1 → M g,n be the projection sending an (n+1)-pointed stable curve (X, x 1 , . . . , x n+1 ) to the n-pointed stable curve (X ′ , x 1 , . . . , x n ) obtained by contracting any component in (X, x 1 , . . . , x n ) violating stability. The Hodge class λ ∈ Pic(M g,n ) ⊗ Q is defined as the determinant of π * (ω π ), where ω π = ω Mg,n+1/M g,n is the relative dualizing sheaf.
Note that π −1 (x) = X if the point x ∈ M g,n corresponds to a pointed stable curve (X ′ , x 1 , . . . , x n ), at least if the latter pointed curve has no automorphism. In turn, the points
There are also boundary classes δ v ∈ Pic(M g,n ) ⊗ Q, which are effective Weil divisors supported on M g,n − M g,n . They correspond to various topological types of degeneration.
Proof of Theorem 3.1:
To check that the mapping P → Pic(C ηn ) is injective, it suffices to construct an n-pointed smooth curve so that the marked points and the canonical class are linearly independent. We leave this as an exercise.
The interesting task is to prove surjectivity. Fix an element l ∈ Pic(C ηn ). Suppose for the moment that deg(l) = 0. Some multiple ml with m > 0 extends to a Weil divisor class D on M g,n+1 . According to [23] , Theorem 5.1, we have
for certain integral coefficients, at least after replacing m by a multiple. Recall that λ is the Hodge class, λ i are the Witten classes, and δ v are the boundary classes. It follows immediately from their definitions in [23] , Section 1 that the restrictions δ v | Cη n are supported by the marked points c i ∈ C ηn . How do the Hodge and Witten classes restrict to the generic pointed curve? To see this, note that the fiber product C ηn × Mg,n+1 M g,n+2 is the blowing up of C ηn × ηn C ηn with respect to the centers (c i , c i ) for i = 1, . . . , n. This follows from the modular interpretation of the points in M g,n+1 . As a consequence we have λ| Cη n = 0, and ψ i | Cη n = c i for i = 1, . . . , n, and ψ n+1 | Cη n = K Cη n . It follows that ml ∈ Pic 0 (C ηn ) lies in the subgroup P 0 ⊂ P of degree zero divisors. Hence l ∈ P 0 by Proposition 2.1. Summing up, we have P 0 = Pic 0 (C ηn /η n ). Now assume that d = deg(l) is arbitrary. If n ≥ 1, we may subtract a suitable multiple of c 1 ∈ C ηn and reduce to the special case d = 0. So only the case d = 0 and n = 0 remains. Now we argue as follows:
The Pic 0 Cη/η -torsor Pic
contains both (2g − 2)l and dK Cη . These rational points differ by a point in Pic 0 (C η /η) = 0, so (2g − 2)l = dK Cη . In other word, l is a rational multiple of K Cη . Now consider the affine surjection C η1 → C η defined on geometric points by (X, x 1 , x 2 ) → (X, x 2 ). We already saw that the canonical class K Cη 1 ∈ Pic(C η1 ) is a primitive element. Since Pic(C η /η) → Pic(C η1 ) is injective, the canonical class K η ∈ Pic(C η /η) is primitive as well, and we infer that l is an integral multiple of K Cη .
Remark 3.2. By definition, the generic curves C ηn with n ≥ 1 contain a rational point, hence Pic(C ηn ) = Pic(C ηn /η n ). So a priori there is no difference between weak and strong Franchetta Conjectures.
Let me give an application of the strong Franchetta Conjecture to tame coverings. Fulton proved that any smooth curve X over a separably closed field of characteristic p = 2 admits a branched covering X → P 1 with tame ramification ( [8] , Proposition 8.1). Saïdi used this to prove an analog of Belyȋ's Theorem [3] : A smooth curve X over an algebraically closed field of characteristic p > 2 is defined over a finite field if and only if it is a tamely ramified covering of P 1 with at most three branch points ( [27] , Theorem 5.6). It is unknown to what extend these facts hold true in characteristic p = 2. We have the following negative result for the generic n-pointed curve C ηn of genus g ≥ 3:
Corollary 3.3. Suppose the ground field k has characteristic p = 2. Then any branched covering C ηn → P 1 ηn has wild ramification.
Proof. Suppose to the contrary that we have a finite separable morphism C ηn → P 1 ηn with tame ramification, that is, every ramification point on C ηn has odd ramification index. This implies that the the relative canonical class K Cη n /P 1 ηn is 2-divisible. The same holds for the canonical class of P 1 ηn . Consequently K Cη n is 2-divisible, contradicting Theorem 3.1.
An explicit stable curve with maximal index
Recall that the index ind(X) ∈ Z of a proper curve X over an arbitrary field F is the positive generator for the image of the degree map Pic(X/F ) → Z. Equivalently, the index is the order of Pic 1 X/F in the Weil-Châtelet group H 1 (k, Pic 0 X/F ). The index of a stable curve of genus g is a divisor of 2g − 2, because there is always the canonical class. It follows from Theorem 3.1 that the generic curve has maximal index ind(C η ) = 2g − 2. It would be interesting to construct special curves with maximal index over fields of smaller transcendence degree. I do not know how to achieve this with smooth curves. The goal of this section is to produce an explicit stable curve with maximal index.
Throughout, we assume that our ground field k is algebraically closed, and let F = k(T ) be the rational function field. Note that, in our situation, we have Pic(X/F ) = Pic(X) by Lemma 1.1. Proof. Let F ⊂ F ′ be a cyclic field extension of degree d, say with Galois group G ≃ Z/dZ. Choose an elliptic curve E over F containing a rational point x ∈ E of order d. Let T ⊂ Aut(E) be the cyclic subgroup of order d generated by the translation T x (e) = e + x.
Set
This action fixes the subgroup T pointwise, because x ∈ E is a rational point. We get
The latter identification depends on the choice of a generator g 0 ∈ G. The inclusion
. As explained in [29] , Chapter II, §1, Proposition 5, the set H 1 (G, Aut(E ′ /F ′ )) may be viewed as the set of isomorphism classes of twisted forms Y of E whose preimage defines an integral curve X. The curve X has a single cuspidal singularity, which breaks up into g − 1 nodal singularities over the algebraic closure. Therefore X is stable and geometrically integral. The exact sequence
gives an exact sequence
Since Y → X is birational, the map Pic(X) → Pic(Y ) is surjective, and its kernel consists of numerically trivial sheaves. We conclude that ind(X) = ind(Y ) = 2g − 2 holds. Remark 4.4. Mestrano [22] defined the Euler number eul(X) ∈ Z as the the greatest common divisor for the numbers χ(F ), where F ranges over the coherent O X -modules. Filtering F so that the subquotients are 0-dimensional, we infer eul(X) = g − 1. A reflexive rank one sheaf F is invertible if and only if χ(F ) ≡ g − 1 modulo 2g − 2. This easily follows from Hartshorne's description of reflexive rank one sheaves in [17] , Example 3.7.
Remark 4.5. Unfortunately, the curve X is not of compact type. It is therefore difficult to analyze specialization of points in the Picard scheme of the versal deformation for X. In particular, the indices of curves occurring in the versal deformation are hard to control.
